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The possibility of a negative drag force on a defect in nonequilibrium polariton quantum fluids
is presented. We relate this phenomenon to the selective parametric amplification of the waves
scattered by the defect. This leads to the prediction that mobile defects acquire a non-zero velocity
with respect to the polariton nonequilibrium fluid. We derive a direct relation between the drag
force and the momentum distribution of the fluid, that allows for the experimental verification of
our predictions.
I. INTRODUCTION
Exiton-polaritons in planar microcavities arise from a
strong coupling between a cavity photon mode and a
quantum-well exciton. Recently, these system have been
the subject of intensive study in the context of out-of-
equilibrium quantum fluids1. Their interest stems, on
the one hand from the fact that their properties such
as fluid density and velocity can be easily manipulated
by an external laser field and, on the other hand, the
emitted light gives straightforward experimental access
to the polariton field. Due to the finite lifetime of cavity
photons, which usually does not exceed 100 ps, a continu-
ous decay rate of polaritons makes this system inherently
out-of-equilibrium2,3. An external laser source is needed
to balance this net loss rate of polaritons and replenish
the microcavity.
We will focus on coherently pumped polaritons sys-
tems, in which the laser excitation energy is close to the
polariton resonance energy, in contrast to non-coherently
pumped systems, where the laser energy strongly ex-
ceeds this energy. In this pumping regime no free phase
is present because, through the coherent excitation, the
fluid’s phase is locked directly to the phase of the incom-
ing laser field. Thanks to their coherence, which is inher-
ited from the excitation laser, the resonantly excited po-
laritons can be described by a single wave function whose
dynamics is governed by a generalized Gross-Pitaevskii
equation1–3.
Although we are dealing with non-equilibrium systems,
one can still investigate the superfluid properties. One
of the central aspects of superfluidity is the friction-
less flow past an obstacle. In the case of equilibrium
Bose-Einstein condensates, this question was addressed
by Astrakharchik and Pitaevskii4. Its generalization to
nonequilibrium polariton quantum fluids was initiated by
Carusotto and Ciuti5 and succesfully verified experimen-
tally by Amo et al.6. The main conclusion of these works
was that the interactions between polaritons allow for
a flow with strongly reduced scattering off defects be-
low a critical velocity that coincides with the Landau
critical velocity for weak defects5,6 and is lower for a
strong defect7,8. Above the critical velocity, Cerenkov
type sound waves are observed in the weak defect case
and vortex emission and soliton formation was seen in
the strong defect regime.
In all the above mentioned theoretical analyses and
experimental observations, the polariton nonequilibrium
quantum fluids behaved largely analogously to their equi-
librium counterparts. The nonequilibrium nature of the
polariton quantum fluids however allows for an increased
flexibility. At equilibrium, the frequency of the Bose field
is set by the chemical potential9, which depends uniquely
on the density, whereas under coherent excitation it is set
by the excitation laser frequency. The independent tun-
ability of the density and the optical excitation frequency
allows for the exploration of novel regimes in parameter
space. It has been illustrated that the pump detuning
∆, the energy difference between incident laser beam and
the polariton resonance, allows for a new gamma of scat-
tering physics10,11. The reason is that the linear excita-
tion spectrum, as is found in equilibrium, transforms in
a range of qualitatively different spectra, which influence
the resulting scattering physics profoundly.
We will show in this article the previously overlooked
fact that, under certain conditions, a nonequilibrium
quantum fluid can exert a negative drag force on a de-
fect, i.e. a force directed opposite to the flow direction.
This implies the remarkable fact that freely moving de-
fects do not remain at rest with respect to the fluid. In-
stead, an equilibrium velocity v0 > 0 is reached that
satisfies F (v < v0) < 0 and F (v > v0) > 0. The physical
mechanism behind the negative drag force is the selective
parametric amplification of the scattered waves. Both
the freely tunable frequency and the polariton-polariton
interactions are essential for the occurrence of this phe-
nomenon, showing that it can only take place in nonequi-
librium interacting quantum fluids.
Our paper is structured as follows: In Sec. II we recall
the Gross-Pitaevskii equation and illustrate the corre-
sponding excitation spectra. These results will be used
to derive an expression for the drag force in Sec. III where
numerical calculations are shown for different parameter
regimes. A closer look will be taken at the conditions
under which the drag force can become negative in Sec.
IV. The region in parameter space will be determined, as
well as the value of the equilibrium velocities v0.
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2II. THE EXCITATION SPECTRUM
The time-evolution of a resonantly driven polariton
fluid in a microcavity is given by a generalized Gross-
Pitaevskii equation1. Only the occupation of the lower-
polariton (LP) field at small momenta k is assumed, such
that the LP dispersion is approximately quadratic. The
description of polariton field Ψ(r, t) then reduces to:
∂tΨ(r, t) =
[
− 1
2m
∇2 + g
∣∣∣Ψ(r, t)∣∣∣2 − i
2
γ + V (r)
]
Ψ(r, t)
+F(r, t).
(1)
An effective polariton mass m, interaction constant g and
a polariton decay rate γ, corresponding to a finite polari-
ton lifetime τ = 1/γ, have been introduced. The pump
field is taken to be a plane wave with an amplitude that
is constant in space and time:
F(r, t) = fpei(kp·r−ωpt) (2)
In order to study scattering effects, a localized defect
potential with strength gV positioned at r = 0 is intro-
duced:
V (r) = gV δ(r). (3)
The defect can be created by an additional laser with a
beam radius much smaller than the pumping laser, that
locally blueshifts the exciton energy12. Alternatively, it
can be formed by a variation in the cavity thickness, act-
ing as a potential on the photonic component6,13.
We will assume the defect to be weak, in order to ap-
ply linear response theory to obtain an approximate so-
lution (for effects beyond linear response, see Ref. 14).
In this treatment, a solution is proposed that consists
of a mean-field steady-state solution ΨSS , which inher-
its the phase of the laser pump, and a small first-order
perturbation δψ, representing the system’s response to
the defect: Ψ(r, t) = ei(kp·r−ωpt)[ψ0 + δψ(r)]. Hence, this
so-called Bogoliubov ansatz is expressed in terms of its
Fourier components as5,10:
δψ(r) =
1
V
∑
k
δψ(k)eik·r (4)
Substituting (4) in (1), along with the defect potential
(3) and the plane-wave pump field (2) yields a coupled
system of equations in k-space.
When gathering terms of first order in gV and δψ os-
cillating with the same phase, one derives an equation of
the form:
Lˆ(k)
(
δψ(k)
δψ∗(−k)
)
=
( −gV ψ0
gV ψ
∗
0
)
(5)
The Bogoliubov operator Lˆ is defined as:
Lˆ(k) ≡
(
(k) + E + k · v − iγ2 gψ20
−gψ∗02 −(k)− E + k · v − iγ2
)
(6)
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Figure 1. The different spectra of a single-spin polariton fluid
with E = 0.3γ. The left panel is the real part of the spectrum
and the right the imaginary. The spectra are given for pump-
ing detuning ∆ = −2γ (a,b), ∆ = 0 (c,d), ∆ = 0.3γ (e,f) and
δ = γ (g,h).
The spectrum of excitations is then given by the eigen-
values of Lˆ:
ω±(k) = k · v − i
2
γ ±
√
(k) ((k) + 2E), (7)
where we have defined
(k) =
k2
2m
−∆, (8)
∆ = ωp −
(
k2p
2m
+ E
)
, (9)
E = g |ψ0|2 (10)
The parameter ∆ represents the laser detuning, the en-
ergy difference between the laser pump energy and the
chemical potential of the polariton fluid. E is the inter-
action energy. From (5), the Bogoliubov wave-functions
in k-space are found to equal
δψ(k) = gV ψ0
(k)− k · v + iγ/2
ω+(k) ω−(k)
(11)
As a consequence of the tunable parameter ∆, the argu-
ment of the root in (7) is not necessarily positive. This
gives rise to so-called diffusive-like spectra, in which the
argument of the square root argument is negative for cer-
tain momentum modes. In general four different types of
spectra can be distinguished. Examples of each type are
shown in Fig. 1:
3• ∆ < 0: The argument of the root is positive for
every value of k. The dispersion relation of the
Bogoliubov excitations reduces to the quadratic
gapped dispersion for massive particles. For small
k, we then find that the negative detuning gener-
ates an effective excitation gap.
• ∆ = 0: With zero detuning, the polariton system
becomes identical to an equilibrium Bose-Einstein
condensate, except for the particle decay rate γ,
which comes as a global shift of the imaginary part
of the excitation frequency. The real part of the
Bogoliubov spectrum is then found to be linear and
the excitations are massless.
• 0 < ∆ < 2E : In a circle with radius √2m∆ around
k = 0 the root has a negative argument. More
technically speaking, when the parameter ∆ passes
through zero, a bifurcation occurs in the excitation
energy spectrum. As a result the spectral modes
with k <
√
2m∆ have purely imaginary energy val-
ues for v = 0. As the maximum of the imaginary
part lies at k = 0, i.e. for a fluctuation at the laser
momentum. This signals the onset of an instability
of the optical bistability type16,17.
• ∆ > 2E : When increasing the detuning further,
a circle around k = 0 becomes real-valued again
and the bifurcation is shifted to a ring between the
radii k =
√
2m∆ and k =
√
2m(∆− 2E). This is
the regime of parametric amplification15,16, where
polaritons from the pump beam are scattered by
the process 2kp → ks + ki (s and i referring to
signal and idler respectively. Here, the signal and
idler lie around the two maxima of the imaginary
part of the excitation spectrum ).
Care has to be taken for the validity of the lineariza-
tion of the equations of motion around the homogeneous
solution. This procedure is only valid when the excita-
tion energies (7) both have a negative imaginary part.
In the last two cases (panels (c) and (d) in Fig. 1), the
square root contributes to the imaginary part and the
requirement of linear stability puts an upper bound on
the interaction energy 2E < γ. When this condition is
violated, bistability and/or parametric instability takes
place and our linearized equations of motion (5) break
down.
Below, we will show that it is precisely in the cases
with nontrivial imaginary part of the dispersion (7) that
the peculiar situation of a negative drag force can take
place. Notice that the stability condition does not limit
the physical range of the detuning ∆. Thus, in principle,
every value of the experimentally tunable ∆ can corre-
spond to a stable polariton system.
III. THE DRAG FORCE
The force that the flowing fluid exerts on the defect is
given by4,10:
F =
∫
dr |Ψ(r)|2∇V (r) (12)
= −gV∇ |Ψ|2
∣∣∣
r=0
, (13)
where we have used partial integration and used the de-
fect potential (3). Substitution of the density profile (4)
yields:
F ≡ 2gV
∫
dk
(2pi)2
k Im
[
ψ∗0δψ(k)
]
(14)
= 2g2V |ψ0|2
∫
dk
(2pi)2
k Im
(
(k)
ω+(k)ω−(k)
)
(15)
or more explicitely when we direct the flow along the
x-axis and transform to polar coordinates:
F =
2g2V |ψ0|2 γv
(2pi)2
∫ 2pi
0
dθ
∫ ∞
0
dk
k3 (k) cos(θ)[
(k)
(
(k) + 2E
)
− [vk cos(θ)]2 + γ24 ]2 + [γvk cos(θ)]2 . (16)
This integral can be evaluated straightforwardly numer-
ically.
In Fig. 2, the influence of the pump detuning ∆ and
the interaction energy E on the drag force is illustrated
by evaluating expression (16). For ∆ < 0 the quasipar-
ticle spectrum is gapped. In the limit γ → 0, which is a
valid limit in this case, this causes a jump at a critical
velocity10 vc > cs =
√E/m. As a consequence, the drag
force does not start increasing linearly at v = vc, but
rather goes through an abrupt jump10. For ∆ > 0, it
is seen on figure 2 that the drag force curve can become
negative for small fluid velocities. At large fluid veloc-
ities, the usual positive drag force is always recovered.
IV. THE NEGATIVE DRAG FORCE
The observation of a negative-valued drag force in Fig.
2 is counter-intuitive and needs physical clarification. In
Fig. 2, it can be seen that a negative drag force only oc-
curs in the diffusive or parametric amplification regimes.
The appearance of a negative-valued drag force is actu-
ally a consequence of parametric scattering triggered by
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Figure 2. Panel (a) illustrates the influence of the detuning ∆
on the drag force, with E = 0.3γ fixed. Negative ∆ induce a
jump in the drag curve, whereas positive ∆ can cause the drag
to go below zero. Panel (b) shows the effect of interactions,
with ∆ = 3γ fixed. For E = 0 only a positive drag force
occurs. E = γ/2 leads to a divergence of F for v → 0.
the presence of the defect. The selective parametric am-
plification of the scattered waves that have the largest
imaginary part (see Fig. 1 (f,h)) results in an increased
scattering in the direction of the condensate flow. This
implies that the force exerted by the fluid on the is in
the direction opposite to the flow. This is in contrast to
the equilibrium case (superfluid or normal), where more
particles are scattered backwards than forwards so that
a positive drag force is obtained.
This mechanism is also visible in the numerically com-
puted momentum distribution, shown in Fig. 3. Panel
(f) shows the momentum distribution in the case of the
negative drag force (see panel (a)). The cut along the x-
axis in panel (h) clearly shows that the forward scattering
peak carries more particles as compared to the backward
scattering peak.
The relation between the drag force and the momen-
tum distribution can be made more precise by consider-
ing the photon momentum balance. When the system is
in a steady state, the momentum distribution of the po-
laritons inside the microcavity is stationary. Photons are
however constantly added by the excitation laser and re-
flected off and transmitted through the microcavity. The
force exerted on the defect is then given by
F = P˙las − P˙refl − P˙trans, (17)
where P˙las, P˙refl, P˙trans are the momentum per unit time
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Figure 3. Panel (a) shows the drag force for a polariton con-
densate with ∆ = 2γ and E = 0.3γ. For both a sub- (left)
and a supercritical velocity (right) the wave profile (b,c) with
a section for y = 0 (d,e) and the momentum distribution (f,g)
with a section for ky = 0 (h,i) are shown. The fluid flow
is oriented from left to right along the x-axis. The density
δn and the response function δψ(k) are plotted in arbitrary
units. For small velocities, forward scattering is dominant,
which can be deduced from the big peak for positive kx in
(h). This is the origin of the drag force oriented in the di-
rection of the condensate flow. On panel (i) we see that the
peaks have moved towards negative kx for higher velocities,
causing a drag force in the direction of the fluid flow the fluid
flow.
5carried by the excitation laser, reflected and transmitted
beams respectively. In the Bogoliubov approximation,
the momentum balance between incident, reflected and
transmitted light at k = kp is not disturbed. Hence, the
momentum transferred to the microcavity is given by the
momentum carried by the scattered waves that leak out
of the microcavity, yielding
F = γ
∫
dk
(2pi)2
k δn(k). (18)
We have checked that with δn(k) = |δψ(k)|2 and using
Eq. (11), the expression (16) is recovered. For the exper-
imental measurement of the drag force, the relation (17)
and its perturbative limit (18) have the advantage with
respect to the defining expression (12) that it is neither
necessary to measure the defect potential nor the real
space polariton density with high spatial resolution.
The physical picture that relates the negative drag
force to parametric amplification is also visible in the real
space density profile of the fluid. Panel (d) of Fig. 3, cor-
responding to a negative drag force, show that waves are
emitted in the wake of the defect. The enhanced emission
in forward direction results from the selective paramet-
ric amplification of the scattered waves. When the flow
velocity is increased, the wave pattern changes charac-
ter from cylindrical to the ‘zebra cerenkov’ pattern, first
discussed in Ref. 11. It is the consequence of the in-
terference of the two dominant peaks in the momentum
distribution (see panel (g)). In this regime, we see again
the usual pileup of density before the defect (see Fig. 3
panels (c,e)), resulting in a positive drag force. In the
momentum space, we see that the Rayleigh ring shifts
towards momentum states directed opposite to the fluid
flow. The average momentum of the scattered waves then
lies opposite to the superflow, resulting in the familiar
backward scattering of excitations and thus yielding a
positive drag force.
Let us now turn to the systematic study of the condi-
tions under which the negative drag force can appear in
terms of the detuning ∆ and interaction energy E . The
phase diagram in Fig. 4 indicates the different regimes
of the drag force. It shows that the negative drag force
exists only for sufficiently large interaction energy and
detuning. In the appendix, we derive an analytic for-
mula for the condition under which a negative drag force
exists. It takes the compact form:
2E
√
γ2 − 4E2
4∆E − γ2 < arctan
(
2(E −∆)√
γ2 − 4E2
)
− pi
2
(19)
In the limit ∆/γ → +∞ this reduces to:
E > γ
2
4∆
. (20)
This condition may wrongly suggest that it is easier to
reach the negative drag force regime at high detuning.
However, the polariton density and hence the interac-
tion energy decreases as E ∝ |fp|2∆−2 at large detuning.
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Figure 4. A phase diagram of the different types of drag-force
curves that can occur in a polariton system. The unphysical
region is due to E > γ/2 in polariton fluids with diffusive-like
spectra. The contour that separates the negative drag force
from a positive one is given by (19). The contours of the non-
zero equilibrium velocities v0 are shown in this region. We
made use of the reduced velocity v′0 = v0
√
m/γ.
To meet condition (20), a higher laser intensity |fp|2 is
therefore required when ∆ is increased.
In Fig. 4, the dashed lines show contours of the ve-
locity v0 where the drag force vanishes, as a function
of detuning and interaction energy. The dependence of
the equilibrium velocity on the bulk interaction energy
is illustrated on Fig. 5. Numerically we found that the
behaviour of the equilibrium velocity for ∆/γ →∞ goes
as v0 ≈
√E/m = cs, which coincides with the speed of
sound.
The velocity v0 has a remarkable physical meaning
when considering defects that are mobile rather than
fixed with respect to the microcavity. In the regime of
negative drag, the derivative ∂F/∂v is negative in the
origin(see the full lines in Fig. 2), implying that a small
fluctuation in the velocity of the defect with respect to
the fluid is amplified rather than damped. The accelera-
tion of the defect continues until the second root of F (v)
is reached, at finite speed v0. At that speed, the deriva-
tive ∂F (v = v0)/∂v becomes again positive, leading to
stabilization of the speed. This leads to the phenomenon
that mobile defects do not remain at rest with respect to
the fluid, but start to move at the speed v0, in random
directions (see Fig. 6). The nonequilibrium situation
ensures that this is not in contradiction with energy con-
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Figure 5. The non-zero equilibrium velocity v0 as a function
of the interaction energy E = g |ψ0|2 for different values of the
detuning ∆. In the limit ∆/γ → ∞, this curve converges to
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Figure 6. Mobile defects in a polariton condensate would start
propagating at the equilibrium velocity v0, the non-zero root
of the drag force curve.
servation: due to the excitation with a detuning ∆, an
“excess energy” is available that can be converted into
kinetic energy of the impurities.
V. CONCLUSIONS
In conclusion, we have performed a systematic study
of the behavior of the drag force as a function of inter-
action energy and detuning. A remarkable regime with
negative drag force was uncovered. We have related this
phenomenon to parametric amplification in the nonequi-
librium system. An analytic condition for the existence of
a negative drag force was derived. The shape of the drag
force versus velocity leads tot he prediction that mobile
defects will start to move at a finite speed with respect
to the non-equilibrium polariton quantum fluid. The re-
lation of the force to the momentum distribution allows
for its straightforward experimental determination.
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APPENDIX: CALCULATION OF THE
BOUNDARY CONTOUR
The boundary contour given in (19) can be calculated
analytically via expression (16). We want to find a root
v0 for F (v) in the limit v0 → 0. Since F (v → 0) already
equals zero due to trivial symmetry considerations in the
angular integral, we are looking for an additional root
coming from the radial integral. Thus, we need to find
solutions of:
0 =
∫ ∞
0
dz
z
(
z
2m −∆
)[ (
z
2m −∆
) (
z
2m −∆ + 2E
)
+ γ
2
4
]2
⇐⇒ 0 =
∫ ∞
0
dz′
z′
(
z′
2 −∆′
)
[ (
z′
2 −∆′
) (
z′
2 −∆′ + 2E ′
)
+ 14
]2
We have made a rescaling of the variables: z′ = z/(mγ),
∆′ = ∆/γ and E ′ = E/γ to obtain dimensionless quan-
tities. To avoid an overload of notation, we omit the
primes in the following. Shifting the integration variable
z → z + ∆ yields:
0 =
∫ ∞
−∆
dz
z2 −∆2[
(z −∆) (z −∆ + 4E)+ 1]2
=
∫ ∞
−∆
dz
z2 −∆2[
αz2 + β∆2 − 2∆z + 4E (z −∆)
]2
∣∣∣∣∣
α=β=1
(21)
With the use of this suggestive notation, we can write
the equation as:∫ ∞
−∆
dz
[
∂
∂α
U(z, α, β)− ∂
∂β
U(z, α, β)
]
α=β=1
= 0 (22)
With:
U(z, α, β) =
1
αz2 + β∆2 − 2∆z + 4E (z −∆) (23)
Since we can change the order of integration and partial
differentiation, the problem reduces to evaluating:∫ ∞
−∆
U(z, α, β) dz, (24)
This integral of the form
∫ (
uz2 + vz + w
)−1
dz can be
evaluated in closed form. After substituting and differ-
entiation, one obtains expression (19).
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